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We present a way of introducing joint distibution function and its marginal distribution
functions for non-compatible observables. Each such marginal distribution function has
the property of commutativity. Models based on this approach can be used to better
explain some classical phenomena in stochastic processes.

KEY WORDS: Orthomodular lattice; state; observable.

1. INTRODUCTION

Let (2, 3, P) be a probability space and let &, &, &; be random variables.
Then

3
FEI,EZ,& =P w € Q;ﬂgiil(_oos ri)
i=1
is the distribution function and the marginal distribution function is defined by the
following way

Fe 6, (r1, 1) = x}iinw Fe 6, 6,(r1, 2, 13).

From the definition of a distribution function it follows, that all random
variables are simultaneously measurable. It means, that they can be observable at
the same time.
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Let (2;, J;, P;) be probability spaces and i = 1,2, ..., n be the time coor-
dinate. Let & be random variable on the probability space (2;, J;, P;). How to
define the joint distribution function, now?

In this paper, we will study such random events, which are not simultane-
ously measurable. One of the approache to this problem is studing an algebraic
strucute an orthomodular lattice (an OML) (Dvurecenskij and Pulmannova, 2000;
Varadarajan, 1968)*

Definition 1.1. Let L be a nonempty set endowed with a partial ordering <.
Let there exists the greatest element 1 and the smallest element 0. We consider
operations supremum (V), infimum A (the lattice operations) and anmap 1: L —
L defined as follows.

(i) For any {a,},ca € L, where A C N is finite,

\/a,,, /\an eL.

neA neA
(ii) Forany a € L(a‘)* = a.
(iii) Ifa € L, thena v at = 1.
(iv) Ifa, b € L suchthata < b, then b+ < at.
(v) Ifa,b € L suchthata < b then b = a Vv (a* A b) (orthomodular law).

Then (L, 0,1, V, A, L) is said to be the orthomodular lattice (briefly the
OML).
Let L be an OML. Then elements a, b € L will be called:

® orthogonal (a L b)iff a < bt;
e compatible (a <> b)iff there exist mutually orthogonal elements a;, by, ¢ €
L such that

a=a Vc and b=bVec.

Ifa; € Lforanyi =1,2,...,nand b € L is such, that b <> g; for all i, then
b« \/|_,a; and

b A <\n/a,»> = \n/(a,- A Db)
i=1 i=1

(Dvurecenskij and Pulmannova, 2000; Varadarajan, 1968).

Let a,b € L. It is easy to show, that a <> b if and only if a = (a vV b) A
(a v bt') (distributive law). Moreover, L is a Boolean algebra if and only if L
is distributive. The well known example of an OML is the lattice of orthogonal
projectors in a Hilbert space.

#We also mention so called contextual probabilistic approach (Khrennikov, 2003a,b).
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Let (2, 3, P) be a probability space. Then a statement A is represented as a
measurable subset of Q(A € J). For example, if we say A or B it means A U B
and non A it means A€ (the set complement in £€2).

If a basic structure is an OML, then a and b it means infinum (a A b), a or b
it means supremum (a V b) and non @ means at.

If (22, 3, P) is a probability space, then for any A, B € J
A=(ANB)U(AN B).
If L is an OML, then for any a, b € L

a>(anb)Vv(aAbh).

Example 1. Let L be the Hilbert space R%. Then 1:= R? and 0 := [0, 0]. If
a € L —{1,0}, then a is a linear subspace of R?, it means that a is a line, which
contains the point [0, 0]. We can write, thata : y = k,x. Leta,b € L,a # b. If
a:y=kex,b:y=kyx, thenat:y= —é,a/\bz [0,0] and a vV b = R?.

On an OML we can define similar notions as on a measurable space (2, ).

Definition 1.2. Amapm: L — [0, 1] such that

(i) m(0) =0and m(1) = 1.
(i) If aLb then m(a v b) = m(a) + m(b)
is called a state on L.

Let B(R) be a o -algebra of Borel sets. A homomorphism x : B(R) — L is called
an observable on L. If x is an observable, then R(x) := {x(E); E € B(R)} is
called a range of the observable x. It is clear that R(x) is a Boolean algebra [Var].
A spectrum of an observable x is defined by the following way: o(x) = N{E €
B(R); x(E) = 1}. If g is a real function, then g o x is such observable on L that:

(1) R(gox)C R(x);
(2) o(gox)={g(t);t € o(x)};
(3) forany E € B(R)

gox(E)=x({t € o(x);8(1r) € E}).

We say that x and y are compatible (x <> y) if there exists a Boolean subalgebra
B C L suchthat R(x) U R(y) C B.Inother words x <> yifforany E, F € B(R),
x(E) < y(F).

We call an observable x a finite if o(x) is a finite set. It means, that o (x) =
{t;}'_,, n € N. Let us denote O the set of all finite observables on L.
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A state is an analogical notion to the probability measure, an observable is
analogical to a random variable.

2. S-MAP

Let L be an OML. In the papers (Néanasiova, 2003; Nanasiova and
Khrennikov, 2002) is defined s-map in the following way:

Definition 2.1. Let L be an OML. The map p : L? — [0, 1] will be called s-map
if the following conditions hold:

D p(1,1)=1;

(s2) if there exists a L b, then p(a, b) = 0;
(s3) ifa L b, then forany c € L,

plav b, c)=pa,c)+ pb,c)
p(c,a v b) = p(c,a)+ p(c, b)

The s-map allows us e.g. to define a conditional probability for non compat-
ible random events, a joint distribution, a conditional expectation and covariance
for non compatible observales. Such random events cannot be described by the
classical probabilty theory (Kolmogoroff, 1933). This problems are studed, for
example in Néandsiova (1998, 2003, 2004), Nanasiova and Khrennikov (2002).

In this section we will introduce n-dimensional an s-map (briefly an s,-map)
and we will show its basic properties.

Definition 2.2. Let L be an OML. The map p : L" — [0, 1] will be called an
s,-map if the following conditions hold:

(s p(1,....,H=1,
(s2) if there exist i, such that a; La; 1, then p(ay,...,a,) =0;
(s3) if a; Lb; then
play,...,a; Vb ...,a,)=play,...,a,...,a,)
+p(a17""bi9“"an)’

fori=1,...,n.

Proposition 2.1. Let L be an OML and let p be an s,,-map. Then

(1) ifa;Laj, then p(ay, ..., a,) =0;
(2) foranya € L,amap v : L — [0, 1], such that v(a) := p(a, ...,a)isa
state on L;
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(3) forany (ay,...,a,) € L"p(ay,...,a,) <v(a;) foreachi =1,...,n;
(4) ifa; < aj, then

plai,...,a,) =pay,...,ai—1,a; Naj,...,a; Na;,ajq1,-..,0,)

Proof:

(1) Itis enought to prove, that p(ay, ..., a,) = 0ifa;La,.Let(a;, ..., a,) €
L" and let a; La,. Then

0<pla,...,ap) < p(al,...,an_l,a”)+p(a1,...,anl_l,a,,)
= p(ai,...,a,-2,1,ay,)
= p@i, ..., an—2,an, @) + p(ai, ..., ay_2, ay, a,)
=pai,...,ay2,0y,0ay) < --- < play, ay, ..., ay)
=0.

From this follows, that p(ay, ..., a,) = 0.
(2) Itisclear, that v(0) = 0, and v(1) = 1. Leta, b € L, such that a_Lb. Then

viavb)y=pavhb,...,aVvb)
=pla,avb,...,avb)y+ pb,avb,...,aVvDb)
= p(a,a,aVvb,...,avb)+ pla,b,avb,...,aVDb)
+pb,a,avb,...,avb)+ pb,b,aVvb,...,aVb)
= pa,a,avb,...,avb)+ pb,b,avb,...,aVvb)
=...=pa,...,a)+ p,...,b)
v(a) + v(b).

From it follows, that v is a state on L.
(3) Let(aj,...,a, € L"). Thenforanyi =1, ..., n we have

p(al,...,a,-,...,a,l)5p(al,...,a,-,...,a,l)—i—p(af‘,...,ai,...,a,,).
and so
pla,az,....a;,...,a,) < p(l,az,...,a;,...,a,)
= pai,az,...,q;,...,a,).
From it follows, that
pla,az, ..., a4, ...,a,) < play, 1,...,a;,...,a,)

:p(aiaai5a35"'7aia"~7an)'
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Hence

plai, ..., a,) < play, ..., a;) = v(a).

(4) Let a,b € L, such that a <> b. Then a = (@ Ab) Vv (a Ab*) and b =
bAa)V(bAat). Let(ay,...,a,) € L" and let a; La,. Then

plai, az,...,a,) = pllat Nar L)V (ag Aasl),ax. .., a,).

From the property(s3) and for the property (1) we get

plai, az, ...,a,) = play ANaz, a, ..., ay).
And hence
plai,ax,as,...,a,) = play ANay,ay ANay,as...,a,).
O
Leta = (a1, ...,a,) € L". Letus denote 7 (a) a permutation of (ay, ..., a,).

Proposition2.2. Let L be an OML. Let p be an s,-map andlet (ay, ..., a,) € L".
(1) Ifthere existsi € {1,...,n}, such that a; = 1, then
plag,...,ay) = play, ...,a;_1-aj, a1, ..., dy)

foreach j =1,...,n.
(2) If there existi # j such that a; = a;j, then

plai,....ay) = p((ay, ..., a)).
(3) If there exist i, j such that a; <> a;, than

plai,...,a,) = p(m@(a,...,a,)).

Proof:

(1) Leta; =1 and let i # j. Then a; = a; v ajl and from the Proposition
2.1(1) follows that p(a;, ..., ai_1, ajl, aj41, - ..a,) = 0. From the prop-
erty (s3) we get

p(ala"'7 17ai+1""an) :p(ala"‘aa.]'7ai+l""an)
€
+p(a1,...,aj s Aigly - 0p).
And so

pag,...,ai—1, 1, aiq1,...,a,) = pay, ..., ai—1,4;,aiq1, ..., ay).
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(2) If n = 2 and a; = a, then it is clear that p(a;, ay) = p(as, a;). Letn > 3
andlet 1 # i and i # n. Leta; = a, = a. It is enought to prove, that

pla,az,...,a;,...,a,_1,a) = pa@i,az, ..., qi—1,a,Qit1,...,0,—1,0Q).
From the (1) we have

pla,az, ..., a;,...,ay,—1,a)=p(l,as,...,a;_1,a;,Qit1,...,0,—1, Q).
From it follows, that

plyax,....a¢;,...,an—1,a) = p(@;, Az, ..., Qi—1, i, Aigl, ..., 0y—1, Q)
and

plai,az,...,a;,...,ap—1,a)=pla;,az,...,ai—1, 1,ai41,...,0,-1, Q).
From the aditivity it follows, that

plai,az, ..., 1, ai41,...,a00-1,a) = p(@;, Az, ..., a4, 0Q;41, ..., 0y—1, Q).
Hence

pla,az, ...,q;,Qix1y ..., An_1,a)=p(Q;, A2y ..., A1, Qix], -, An_1, Ay).

From it follows that p(ay, ..., a,) = p(w(ai, ..., a,)), if there exist
i, j,suchthati # j and a; = a;.
(3) Leta; <> a,. Then

plai,...,ay) = plar Nay, aa, ..., ay_1,ay A ay).

Because a; A a, = a, A a; and from the property (2) it follows, that

play,...,a,) = p(r(ay, ..., a,)).

Let I1(a) be the set of all permutions and let
(i)

dgy = (ai, ..., k-1, Ak, Akq1s - - o Aie1s Aks Aig1s - - -5 Ap).
Corollary 2.2.1. Let L be an OML. Let p be an s,-map and leta € L".
(1) Ifthere existsi € {1, ...,n}, such that a; = 1, then
p@) = p(b)
for each b € | J, H(&((,i))).
(2) Ifthere existi # j such that a; = aj, then
p(a) = p(b)
for each b € | J, H(d((,i))).
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(3) If there exist ij such that a; <> aj, then
p(@ = p(b)
for each b € | J, H(&((,i))).
Example 1 Let n=3 and a,belL. If a=<(a,a,b), then Il(a)=

{(a,a,b),(b,a,a).(a,b,a)} and @} = (b,a,b),a: = (a,b,b).ay = (a,a,b).
Hence

pla,a,b) = p(a,b,a) = p(b,a,a) = p(b,b,a) = p(a,b,b) = p(b, a,b).

Letn =4anda,b,c e L.Ifa = (a, b, c, ¢), then c'l((g)) =(a,b,c,b)and

pla,a,b,c)= pa,b,c,a)= pb,b,c,a)=---= p(c,a,b,c).

3. THE JOINT DISTRIBUTION FUNCTION AND MARGINAL
DISTRIBUTION FUNCTIONS

Definition I Let L be an OML and let p be an s,-map. If x1, ..., x, are observ-
ables on L, then the map

Dxi,nt B(R)" = [0, 1],

such that
Pxip (Evy ooy En) = pxi(En), ... xa(Ep))
is called the joint distribution of the observables x, ..., x,.
Definition] Let L bean OML andlet p be ans,-map.Ifx, ..., x, be observables
on L, then the map
Fy xR — [0, 1],

such that

Fepox, (s o) = pei(=00, 1), ..., Xy (=00, 1))
is called the joint distribution function of the observables xi, ..., x,.
Definition] Let L bean OML andlet p be ans,-map.Ifxy, ..., x, be observables

on L, then a marginal distribution function is

lim Fy oo, 1o Tiy oo 1),
X;j— 00
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Definition I Let L be an OML and let p be an s,-map. Let xq, ..., x be ob-
servables on L and Fy, ., be the joint distribution function of the observables
X1, ..., Xxp. Then we say, that F, . has the property of commutativity if for each
(ri,...,rp) €R?

.....

Fx] ..... x,,(rl, e rn) = F]T(X[,...,X”)(n(rlv ey rn))-

It is clear that Fy, . has the property of commutativity if and only if

.....

p(xl(E])» ey xn(En)) = P(TF(XI(EI), ceey xn(En)))’
foreach E; € B(R),i =1, ..., n.

Proposition 3.1. Let L be an OML and let p be an s,-map. Let x1, ..., x; € O
and let Fy, . (r1,...,1,) be the joint distribution function of the observables
X1y ooy Xp.

(1) Foreach(ry,...,r,) € R"0 < Fy, . (r1,...,1) <1;
(2) [fri <s,-,then Fxl,...,x,,(rlv-usrivern)S Fx1 xn(n,...,s,-,...,rn).

(3) Foreachi =1,...,n

lim F;,
Xj—>00

(4) Foreachi =1,...,n

44444 W) =Fe o, rict, L, oo, ).

lim Fy . @1,...,7)=0.

ri—>—00

(5) If there existi, j, suchthati # j and x; <> x;, then

Fxl ..... x,,(rl"”vrn):Frr(xl ..... x,l)(n(rlw~-’rn))~

Proof:

(1) It follows directly from the definition of the function Fy, ..

(2) Let r; <s;. Then (—o00,r;)C (—00,s;) and so x;((—o0,ri)) <
x;i((—00, 1;)) and x;((—00, s;)) = x;((—00, 1)) V x;([ri, 5;)). From it fol-
lows, that

Fefoox, (1o Sy ey 1)
= pxi((=00, 1), ..., xi((=00,77)), . . ., Xu((—00, 1))
+ pei((=o0, r), ..., xi([ri, 5i)), - . ., X0 ((=00, 7))
=Fy . x0T 1)

+ p(xl((_oov rl))’ cee xi([ris Si))7 ] xn((_oo’ rn))
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and so

..... Xn(rlv"'9si""7rn)2 Fxl,...,xn(r17°"ari7"‘9rn)'
(3) Because x; € O, then there exist ;g € R, such that for any r > rjpo(x;) C

(—00, r) and so x;(—o0, r)) = 1. Hence

lim Fx] ..... x,,(rlv ---vrn) = FX[,,,.,x,l(rlv ey Fie1, 11 Tit1, -~-’rn)-
ri—00

(4) Because x; € O, then there exist r;o € R, such that for each r <
rio(—oo, r)No(x;) = ¥ and so x;(—o0, r)) = 0. Hence

lim Fy . @1,...,7)=0.

ri——00

(5) Because Fy, . (r1,...,1rm) = p(x1((—00, 1)), ..., X, (((—00, ry)), then
it follows directly from the Proposition 2.2.

O

Proposition 3.2. Let L be an OML and let p be an s,-map. Let xy, ..., x, € O
andlet Fy, . (r1,...,r,) be the joint distribution function. Compatibility of just
two observables imply the total commutativity.

Proof: It follows directly from the definition of the joint distribution function

and from the Proposition 2.2. O
Proposition 3.3. Let L be an OML and let x1, ..., x, € O. Then there exist a
probability space (2, 3, P) and random variables &, . .., &, on it, such that

Fx1 ..... x,,(r1a~~-7rn)=F51 ..... E,,(rls~-~vrn)
and Py, such that

P, ((—00, 1)) = v(xi(—00, 1)),

wherer € Randi = 1, ..., nisthe probability distribution of the random varaible
§i.
Proof: Let Q=o0(x)x---xo(x,) and let I=2% Then each o=
r,...,mn) &(wy,...,w,) = w;.Let A C Jand let P: I — [0, 1], such that
P(A) =) pi(E@)). .. .. xu(En(@)).
weA

Fxl ..... x,,(rl’“-arn):FSl ..... S,,(rl"--’rn)'
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It is clear, that P(#) = 0 and P(2) = P(o(x;) X 0(x,)) = 1.Let A, B € 3, such
that A N B = #. Then

P(AUB) = Z px1(E1(@)), ..., xp(€n(@)))

weAUB

and so

P(AUB) =Y pi51(@)), ..., xaEn (@) + Y priE(@)), .. ., xu(En(@))).

weA weB

From it follows that
P(AU B) = P(A) + P(B).

From the fact, taht 2 is the finite set follows, that P is the o -aditive measure
and so (2, 3, P) has the same properties as a classical probability space and
& : Q — R is a measurable function on it. For eachr € R

P ((—00, 7)) = P& (=00, 7)) = P((—00,7) X 0(x2) X - -+ X 0(x))
and then

Py (—o00, 1) = > PEIE(@)), .. . Xa(E())).

WE(—00,r) X0 (X2)X X0 (X,)
From it follows, that
P: (=00, r) = P(x1((—00, 1)), 1,..., 1) = v(x1(—00, 1)).
From the definition of the marginal distribution function it follows, that
v(xi(=00,7)) = Fy(r)
is the distribution function for the observable &; and
Dty ooy Tn) = Fe e (r1, oo, ).

is a joint distribution for that vector of random variables (&1, ..., &,). O

If we consider a quantum model as an OML, a marginal distribution function

defined by using an s,-map has the property of commutativity. It follows that, in
general, it need not true that that

Fx1 ..... x,,(tlvn"tn):Fxl ..... XnH(t],...,fn,OO),
where Fy, . (ti, ..., t), Fy, . x. (ti,..., t,, 00) are joint distribution functions
and x, ..., x,4] are observables on L. Consequently, we can find such an s,-map

and an s, -map such that

play, ...,a,) # pla,...,a,, 1)
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on L. Moreover if

plai,....an) = play, ..., ap, 1)
on L, then the s,-map has the property of commutativity. This is not true in general,
either (Nanasiova, 2003; Nanasiova and Khrennikov, 2002).

Example 1 Let L = {a,a*,b, b+ c,ct,0,1). Let x, v,z€ O. Let o(x) =
o(y)=0(z) ={—1,1}. Let x(1) = a, x(1) = b and z(1) = c. Let an s3-map be
defined by the following way:

pla,a,a)=03, pb,b,b)=04, p(,c,c)=0.5,

pla,b,1)=0.1, p(a, b, 1)=02, pat,b,1)=03, pa*t, bt 1)=0.4,
pla,c,1)=02, pa,ct,1)=0.1, pa’,c,1)=03, pat, ct, 1)=04,
pb,c,1) =02, pb,ct, 1)=02, pbt,c,1)=03, pbt ct)=023,
pla,b,c) =0, pla,b,ct)=0.1, pla, b c)=02, pa, bt c) =0,
plat,b,c) =02, pat,b,ct)=0.1, plat, bt c)=0.1,

pla*, b, ¢t 1)=0.3,
p,a,c)=0.1, pb,a, CL) =0, p(bl, a,c)=0.1, p(bL, a, cl) =0.1,
pb,at,c)=0.1, pb,at,c)=02, pbtat,c)=02,

p(bt,at, et 1)=0.2,

plc,a,b)=0.01, p(c,a,bt)=0.19, p(c,at,b)=0.19,
plc, al,cL) =0.11,
plct,a,b) =009, p(ct,a, bt)=0.01, p(t, at, b)=0.11,
p(ct,at, b, 1) =0.29,
pla,b,c) = p(a,c,b), pb,a,c)=pb,c,a), pl,a, b)=p,b,a)
pla*, bt ¢ty = pat, ¢t by, pot,at, ¢ty = pbt, et at),
p(ct,a*, bb) = p(ct bt ab).
Then p is an s3-map and
Frn(,1,1) = pat, b, c") =03,
Fopu(1,1,1) = pb™,a*,c") =02,
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Fepon(1, 1, 1) = p(ct, b*, at) = 0.29,
lim Fy ., o, (r1, 12, 13) = p(1, y(r2), 2(r3)) = p(1, 2(r3), 2(12))

ri—o0

= llm Fxl,xg,xz(rlv r3s "2)1
r|—>00

where 5, r3 € R.
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